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We analyze three constructions of Comellas and Fiol [F. Commellas, M.A. Fiol, Vertex-
symmetric digraphs with small diameter, Discrete Applied Mathematics 58 (1995) 1–11]
that produce large digraphs of given diameter and degree from smaller starter digraphs.We
show that these constructions preserve coverings in the sense that if the starter digraph
is a regular lift (in particular, a Cayley digraph), then the resulting digraph has the same
property.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
The degree–diameter problem for digraphs is to determine the largest number n(∆,D) of vertices in a digraph of
maximum in- and out- degree ∆ and diameter at most D. Interest in constructions of large digraphs of a given maximum
degree and diameter is motivated by potential applications in the design of interconnection networks. For history and
current development we refer to the recent survey article [9]. We will focus on constructions of large vertex-transitive
digraphs with a given (in- and out-) degree and given diameter.
According to [9], the current best constructions have been proposed in [1,2,4,5] and for diameter two also in [7]. The
newly introduced covering constructions also turned out to be suitable for generating large digraphs of given degree and
diameter, see again [9] for details.
Loosely speaking, the construction of [1] produces large digraphs of given diameter and degree from smaller starter
digraphs bymeans of what the authors call ‘digraph composition’. Our aim is to show that this construction has the property
of ‘preservation of coverings’ in the sense that if the starter digraph is a regular lift (in particular, a Cayley digraph), then the
resulting digraph has the same property.
2. Preliminaries
Let G = (V ,−→E ) be a digraph with the vertex set V and the dart set −→E . The order of the digraph is the number of its
vertices. The out-degree (in-degree) of a vertex is the number of darts leaving (entering) the vertex. A digraph is ∆-regular
if the in-degree and out-degree of all vertices is equal to ∆. All digraphs considered in this article are strongly connected,
that is, for each ordered pair of vertices u, v there is a directed path from u to v in the digraph. The distance d(u, v) from a
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vertex u to a vertex v is the number of darts of a shortest directed path from u to v, and its maximum value over all pairs of
vertices, D = maxu,v∈V d(u, v), is the diameter of the digraph. A digraph is vertex-symmetric if its automorphism group acts
transitively on its set of vertices.
Let A be a finite group and let X be a subset of Awhich generates A and does not contain the identity. The Cayley digraph
of Awith respect to X is the directed graph with vertex set A and dart set {(u, v); v = ux for some x ∈ X}.
Let A and B be groups and let Θ : B → Aut(A) be a group homomorphism. The semidirect product AoΘ B is defined
to be the group with underlying set {(a, b); a ∈ A, b ∈ B} and group operation (a, b)(a′, b′) = (aΘ(b)(a′), bb′). The
inverse element of (a, b) is (Θ(b−1)(a−1), b−1). Note that the semidirect product of two groups depends on the choice
of the homomorphismΘ .
We now briefly introduce digraph coverings in terms of voltage assignments and lifts (see [6] for a comprehensive theory
in the undirected case and also [9] for digraphs). Let G be a digraph. By a voltage assignment on G = (V ,−→E ) in a group A
we understand an arbitrary mapping α : −→E → A. The values of α are called voltages and the group A is the voltage group.
The digraph G is often called the base digraph. The pair 〈G, A〉 enables us to define a new digraph Gα = (V α,−→E α), called
an ordinary lift of G. The vertex and the dart set of the lift are V α = V × A and −→E α = −→E × A, respectively. Incidence in
Gα is defined as follows. A dart (e, a) in Gα emanates from (u, a) and terminates at (v, a′) if and only if e is a dart in G from
u to v, and a′ = aα(e). The sets {(v, a); a ∈ A}; {(e, a); a ∈ A} are called fibres in Gα above a vertex v and above a dart e
in G, respectively. A walk of length m in a digraph G is a sequence W = e1e2 . . . em, where ei are darts of G, such that the
terminal vertex of ei−1 coincides with the initial vertex of ei, 2 ≤ i ≤ m. If α is a voltage assignment on G, then the product
α(W ) = α(e1)α(e2) . . . α(em) is the voltage of W . The mapping p : Gα → G given by p((u, a)) = u and p((e, a)) = e is a
digraph covering.
3. Constructions of Comellas and Fiol
Comellas and Fiol introduced in [1] three basic constructions of large digraphs of given degree and diameter which, in
their terminology arise from ‘digraph compositions’. All three constructions take a given digraph G with vertex set V and
dart set
−→
E as input and produce outputs denoted H1, H2 and H3 in what follows.
Construction 1. Let n be a positive integer and let m be a multiple of n. The digraph H1 = (V1,−→E1 ) is defined as follows.
The vertex set V1 consists of elements (p0p1 . . . pn−1|j) with j ∈ Zm and pi ∈ V . All adjacencies in H1 have the form
(p0p1 . . . pj−1 u pj+1 . . . pn−1|j)→ (p0p1 . . . pj−1 v pj+1 . . . pn−1|j+ 1), where v is adjacent from u in G.
For completeness we mention that an equivalent description of Construction 1 (which will not be used here) was given
by Gómez [5].
Construction 2. For a positive integer n and for any m which is a multiple of n, the digraph H2 has the same vertex set as
H1. All darts of H2 are given by:
(p0p1 . . . pj−1 u pj+1 . . . pn−1|j)→
{
(p0p1 . . . pj−1 v pj+1 . . . pn−1|(j+ 1))
(p0p1 . . . pj−1 u pj+1 . . . pn−1|(j+ h)),
where v is adjacent from u in G and h is a fixed element of Zm such that h 6= 0, 1.
Construction 3. In this case the description is more complicated and depends on an auxiliary Cayley digraph Cay(B, S)
for a group B and a generating set S. Suppose, in addition, that B contains a subgroup C and an element s ∈ S such that
B = C ∪ sC ∪ s2C ∪ · · · ∪ sn−1C , where n = |B : C |. The digraph H3 = (V3,−→E3 ) is then defined as follows. The vertex set has
elements (p0p1 . . . pn−1|j)with pi ∈ V (the vertex set of our starter digraph G) and j ∈ B. To define darts of H3, let i(j) be the
unique exponent (regarded as an element of Zn) such that j.C = si(j).C . Then all adjacencies of H3 are:
(p0p1 . . . pi(j)−1 u pi(j)+1 . . . pn−1|j)→
{
(p0 . . . pi(j)−1 v pi(j)+1 . . . pn−1|js)
(p0 . . . pi(j)−1 u pi(j)+1 . . . pn−1|jt)
for every t ∈ S\s,
where v is adjacent from u in G.
The reason why the three constructions have been studied lies in the fact that they are, under additional assumption on
the starter digraph, suitable for constructing extremely large vertex-symmetric digraphs of given diameter and degree. The
suitable assumptions on the starter digraphs turn out to be k-reachability and vertex-symmetricity. Recall that a digraph is
k-reachable if for every pair of vertices u, v there exists a path of exactly k darts from u to v. Specifically, it was shown in [1]
that if G is vertex-symmetric, ∆-regular, k-reachable and has N vertices, then the resulting digraphs are vertex-transitive
and:
• H1 is∆-regular, with ordermNn and diameter at most kn+m− 1;• H2 is (∆+1)-regular,with ordermNn anddiameter atmost kn+dwhere d is the diameter of fixed digraph Cay(Zm, {1, h});• H3 is (∆+ |S| − 1)-regular with order |B|Nn and diameter at most kn+ d.
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From the point of view of the degree–diameter problem it is interesting to study other properties of the input digraph
G that would be preserved by the Comellas and Fiol constructions. For generating large digraphs of a given degree and
diameter, two main characteristics are important: the property of being Cayley and the property of being a lift.
4. Compositions arising from Cayley digraphs
The main result of this section is a proof of preservation of the property of ‘being Cayley’ by all three constructions of [1].
Theorem 1. If G is a Cayley digraph, then H1, H2, and H3 are Cayley digraphs as well.
Proof. Let G = Cay(A, X) be a Cayley digraph for a group A and a generating set X .
We consider Construction 1 first. We define a group A1 as a semidirect product of An = A × A × · · · × A (n times)
by Zm. Elements of A1 will be denoted in the form (a; j), where a = (a0, . . . , an−1) ∈ An and j ∈ Zm. To specify the
semidirect product, consider the action of Zm on An which assigns to each j ∈ Zm the automorphism a ∈ An 7→ j(a) =
(aj, aj+1, . . . , an−1, a0, . . . , aj−1). Multiplication in the semidirect product A1 = An o Zm is then given by:
(a; j)(a′; j′) = (a.j(a′); j+ j′). (1)
To construct a generating set for A1, for any x ∈ X we define x∗ = (x, e, . . . , e) where e is the unit element of A. Let
X1 = {(x∗; 1), x ∈ X}; clearly |X1| = |X |. Observe that j(x∗) = (e, . . . , e, x, e, . . . , e), where x occurs in jth coordinate. Now,
for any x ∈ X we have
a.j(x∗) = (ao, . . . , aj, . . . , an−1).j(x∗)
= (a0, . . . , aj−1, ajx, aj+1, . . . , an−1).
Right multiplication by (x∗, 1) ∈ X1 gives
(a; j)(x∗; 1) = (a.j(x∗); j+ 1)
= ((a0, . . . , aj, . . . , an−1).(e, . . . , e, x, e, . . . , e); j+ 1)
= (a0, . . . , aj−1, ajx, aj+1, . . . , an−1; j+ 1).
Therefore, for any (x∗, 1) ∈ X1, the vertex (a; j) is adjacent to the vertex (a; j)(x∗; 1) = (a.j(x∗); j+ 1) in the Cayley digraph
Cay(A1, X1). But this is precisely the adjacency rule in the definition of the digraph H1 of Comellas and Fiol. Consequently,
H1 is isomorphic to Cay(A1, X1) if G = Cay(A, X).
For Construction 2 we modify the previous steps as follows. Since H1 is a spanning subgraph of H2, the Cayley group
A2 = A1 = Ano Zm andmultiplication in this group is the same as before, see (1). We extend the generating set X1 by letting
X2 = X1 ∪ {(e∗; h)} where e∗ = (e, . . . , e). As in the previous case, for any (x∗, 1), (e∗; h) ∈ X2 the vertex (a; j) is adjacent
to the vertices (a; j)(x∗; 1) = (a.j(x∗); j + 1) and one can check that (a; j)(e∗; h) = (a.j(e∗); j + h) in the Cayley digraph
Cay(A2, X2). Since this is theway adjacency is defined in the digraphs of Comellas and Fiol we conclude thatH2 is isomorphic
to Cay(A2, X2) if G = Cay(A, X).
In the case of Construction 3 we build on the previous constructions. First we define a group A3 as a semidirect product
of An = A× A× · · ·× A (n times) by B. Elements of A3 will be denoted in the form (a; j), where a = (a0, . . . , an−1) ∈ An and
j ∈ B. Recall that the description of Construction 3 depended on the auxiliary Cayley digraph Cay(B, S) and on a subgroup
C ⊂ B and an element s ∈ S with B = C ∪ sC ∪ s2C ∪ · · · ∪ sn−1C , and i(j) was the unique exponent mod n for which
j.C = si(j).C . To specify the semidirect product, consider the action j of B on An given by:
j ∈ B 7→ j(a) = (ai(j), ai(j)+1, . . . , an−1, a0, . . . , ai(j)−1)
for any a = (a0, . . . , ai(j) . . . , an−1) ∈ An. Multiplication in the semidirect product A3 = An o B is given as follows:
(a; j)(a′; j′) = (a.j(a′); jj′). (2)
To construct a generating set for the group A3, for any x ∈ X we again define x∗ = (x, e, . . . , e) and e∗ = (e, . . . , e), where
e is the unit element of A. Let X3 = {(x∗; s), x ∈ X} ∪ {(e∗; t); s ∈ S; t ∈ S\s}. Observe that j(x∗) = (e, . . . , e, x, e, . . . , e),
where x now occurs in i(j)th coordinate, and j(e∗) = e∗. For any x ∈ X we then have
a.j(x∗) = (a0, . . . , ai(j), . . . , an−1).j(x∗)
= (a0, . . . , ai(j)−1, ai(j)x, ai(j)+1, . . . , an−1)
and
a.j(e∗) = (a0, . . . , an−1).j(e∗)
= (a0, . . . , an−1).
1442 M. Ždímalová / Discrete Mathematics 310 (2010) 1439–1444
Similarly to what we have seen earlier, right multiplication by (x∗; s) ∈ X3 and (e∗; t) ∈ X3 gives
(a; j)(x∗; s) = (a.j(x∗); js)
= ((a0, . . . , ai(j), . . . , an−1).(e, . . . , e, x, e, . . . , e); js)
= (a0, . . . , ai(j)−1, ai(j)x, ai(j)+1, . . . , an−1; js)
and
(a; j)(e∗; t) = (a.j(e∗); jt)
= ((a0, . . . , an−1).(e, . . . , e); jt)
= (a0, a1 . . . , an−1; jt).
Therefore, in the Cayley digraph Cay(A3, X3) for any (x∗, s), (e∗; t) ∈ X3 there are darts from the vertex (a; j) to the vertices
(a; j)(x∗; s) = (a.j(x∗); js) and (a; j)(e∗; t) = (a.j(e∗); jt). This is precisely the adjacency rule in the definition of the digraphs
of [1]. Consequently, H3 is isomorphic to Cay(A3, X3) if G = Cay(A, X). 
5. Composition arising by lifts
In this section we show, for all three constructions, that if the input digraph is an ordinary lift of a smaller digraph, then
so is the output digraph. We prove the results in the language of voltage assignments. We say that a lift is non-trivial if the
associated voltage group is not trivial.
Theorem 2. If G is a non-trivial ordinary lift, then H1, H2, and H3 are non-trivial ordinary lifts as well.
Proof. We assume that G is an ordinary lift of a digraph J = (VJ ,−→E J)with voltage assignment α in a non-trivial group A.
In the case of Construction 1 we begin with defining a new base digraph L1 = (VL1 ,
−→
E L1) with the vertex set VL1 ={(r0 . . . rn−1|j); ri ∈ VJ}, where i ∈ {0, . . . , n− 1} and j ∈ Zm. The adjacency in the digraph L1 is defined as follows: For every
dart b from y to z in J , for every j ∈ Zm and for every (n+ 1)−tuple (r0 . . . rn−1|j) of vertices in J there will be a dart (labeled
b˜) from y˜ = (r0r1 . . . rj−1 y rj+1 . . . rn−1|j) to z˜ = (r0r1 . . . rj−1 z rj+1 . . . rn−1|j + 1). Observe that if b1, b2, . . . , bt are darts
from y to z in J , then we have the darts b˜1, b˜2, . . . , b˜t from y˜ to the vertex z˜ in L1.
We define a voltage assignment β1 on L1 in the group An, where An = A× A× · · ·× A (n times). The elements of the voltage
group An have the form (a0, a1, . . . , an−1). Referring to the notation in the previous paragraph let b˜ : y˜ −→ z˜ be a dart in
L1, originally coming from a dart b : y −→ z in J , with voltage α(b). Then the new voltage β1 of b˜ in the group An will be
β1(b˜) = (e, . . . , ej−1, α(b), ej+1, . . . , e).
The lift of L1will be denoted by L
β1
1 . By the definition of a lift, a dart (b˜, a) emanates from (y˜, a) and terminates at (z˜, a.β1(b˜)).
Evaluating the product gives
a.β1(b˜) = (a0, a1, . . . , an−1)β1(b˜)
= ((a0, a1, . . . , an−1)(e, . . . , α(b), . . . , e))
= (a0, a1, . . . , aj−1, a.α(b), aj+1, . . . , an−1).
Now we show that H1 ∼= Lβ11 by giving a detailed description of the digraphs constructed by Comellas and Fiol if G is a lift.
Any dart in their construction has the form:
(p0 . . . pj−1 u pj+1 . . . pn−1|j)→ (p0 . . . pj−1 v pj+1 . . . pn−1|j+ 1),
where v is adjacent from u in G.
Let b : y→ z be a dart in J with voltage α(b). Since we assume that G ∼= Jα , we know that any dart from u to v has the form
(y, a)→ (z, a.α(b)) for some dart b from y to z in J with voltage α(b), which is precisely a dart u→ v in G. Then the dart
in Comellas and Fiol’s construction can be described as follows:
((r0, a0)(r1, a1), . . . , (y, aj) . . . (rn−1, an−1)|j) −→ ((r0, a0)(r1, a1) . . . (z, aj.α(b)) . . . (rn−1, an−1)|j+ 1).
It is now obvious that the mapping
((r0, a0)(r1, a1) . . . (rn−1, an−1)|j) 7→ ((r0 . . . rn−1)(a0, . . . , an−1)|j)
is an isomorphism from H1 onto L
β1
1 .
For Construction 2 the proof is similar. The vertex set of the new base digraph L2 is {(r0 . . . rn−1|j); ri ∈ V (J)} as before,
where i ∈ {0, . . . , n− 1} and j ∈ Zm. Darts in L2 will be of two types:
1. The darts: b˜ : y˜→ z˜ as introduced in the first part for Construction 1.
2. New darts in L2, labeled c˜ from y˜ = (r0 . . . rn−1|j) to y˜∗ = (r0 . . . rn−1|j+ h).
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The voltage group remains the same as before, that is, An = A×A×· · ·×A (n times). We introduce a voltage assignment on
L2 in the group An, denoted by β2, by assigning the voltage β2(b˜) to the darts b˜ of type 1, and the voltage β2(c˜) = (e, . . . , e)
to darts of type 2.
The lift of L2 will be denoted by L
β2
2 . By the definition of a lift, a dart (b˜, a) of type 1 emanates from (y˜, a) and terminates at
(z˜, a.β2(b˜))while a dart (c˜, a) of type 2 emanates from (y˜, a) and terminates at (y˜∗, a.β2(c˜)).
Since the product a.β2(b˜) has the same form as the product β1.(b˜) in Construction 1, we only evaluate the second product:
a.β2(c˜) = (a0, a1, . . . , an−1)β2(c˜)
= (a0, a1, . . . , an−1)(e, . . . , e)
= (a0, a1, . . . , an−1).
Showing that H2 ∼= Lβ22 is analogous to what we have seen in the proof for Construction 1, by means of the mapping
((r0, a0)(r1, a1) . . . (rn−1, an−1)|j) 7→ ((r0 . . . rn−1)(a0, . . . , an−1)|j) is an isomorphism from H2 onto Lβ22 .
The base digraph L3 for Construction 3 will have vertex set of the form {(r0 . . . rn−1|j); ri ∈ VJ; j ∈ B}, where
i ∈ {0, . . . , n− 1}. There will be two types of darts in L3:
1. For every dart b from y to z in the digraph J , for every j ∈ B and for every (n+1)-tuple (r0, . . . , rn−1|j) of vertices of J (where
ri(j) = y), there is a dart (labeled b˜) from y˜ = (r0r1 . . . ri(j)−1 y ri(j)+1 . . . rn−1|j) to z˜ = (r0r1 . . . ri(j)−1 z ri(j)+1 . . . rn−1|js).
In this step of the construction it is important to realize that if b1, b2, . . . , bt are distinct darts from y to z in J , then there
are distinct darts b˜1, b˜2, . . . , b˜t from y˜ to the vertex z˜ in L3.
2. We add a dart (labeled c˜) from r˜ = (r0 . . . rn−1|j) to r˜∗ = (r0 . . . rn−1|jt) at every vertex of L3.
We again define a voltage assignment on L3 in the group An = A × A × · · · × A (n times). Referring to the notation in the
previous paragraph,
1. if b˜ : y˜ −→ z˜ is a dart in L3, originally coming from a dart b : y −→ z in J with voltage α(b), then the voltage β3 of b˜will
be
β3(b˜) = (e, . . . , ei(j)−1, α(b), ei(j)+1, . . . , e).
2. if c˜ : y˜ −→ y˜∗ is a dart in L3, then the voltage β3 of c˜ will be
β3(c˜) = (e, . . . , e).
The lift of L3 will be denoted by L
β
3 . By the definition of a lift, a dart (b˜, a) of type 1 emanates from (y˜, a) and terminates at
(z˜, a.β3(b˜)) and a dart (c˜, a) of type 2 emanates from (y˜, a) and terminates at (y˜∗, a.β3(c˜)).
Evaluating the products gives:
a.β3(b˜) = (a0, . . . , an−1)β3(b˜)
= (a0, . . . , an−1)(e, . . . , ei(j)−1;α(b), ei(j)+1, . . . , e)
= (a0, a1, . . . , ai(j)−1, ai(j)α(b), ai(j)+1, . . . , an−1)
and
a.β3(c˜) = (a0, a1, . . . , an−1)β3(c˜)
= (a0, . . . , an−1)(e, . . . , e)
= (a0, . . . , an−1).
To show that H3 ∼= Lβ3 recall that the darts in Comellas and Fiol’s construction are defined by:
(p0 . . . pi(j)−1 u pi(j)+1 . . . pn−1|j)→ (p0 . . . pi(j)−1 v pi(j)+1 . . . pn−1|js),
where v is adjacent from u in G, and
(p0p1 . . . pn−1|j)→ (p0p1 . . . pn−1|jt).
Let b : y→ z be a dart in J with voltage α(b). Since we assume that G ∼= Jα , we know that any dart from u to v has the form
(y, a)→ (z, a.α(b)) for some dart b from y to z in J with voltage α(b), which is precisely a dart u→ v in J . Then the dart in
Comellas and Fiol’s construction can be described as follows:
((r0, a0)(r1, a1) . . . (y, ai(j)) . . . (rn−1, an−1)|j) −→ ((r0, a0)(r1, a1) . . . (z, ai(j).α(b)) . . . (rn−1, an−1)|js).
Darts of type 2 in Comellas and Fiol’s construction can be described as follows:
((r0, a0)(r1, a1) . . . , (rn−1, an−1)|j) −→ ((r0, a0)(r1, a1) . . . , (rn−1, an−1)|jt).
It follows that themapping given by ((r0, a0)(r1, a1), . . . , (rn−1, an−1)|j) 7→ ((r0 . . . rn−1)(a0, . . . , an−1)|j) is an isomorphism
from H3 onto L
β3
3 . 
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6. Conclusion
A (di)graph is a Cayley (di)graph if and only if it is an ordinary lift of a single-vertex graph (with loops and semi-edges).
The reader might therefore wonder why the material in Section 4 does not follow from the arguments in Section 5. The
reason is that the construction of the ‘larger’ quotient in Section 5 does not give a single-vertex digraph if the ‘smaller’
quotient has just one vertex.
It would be interesting to investigate the Faber–Moore–Chen digraphs [2,3] from the point of view of coverings. Although
it follows from [8] that, inmost cases, Faber–Moore–Chen digraphs are not Cayley digraphs (not even after disregarding edge
directions), they still might exhibit interesting covering properties.
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